Hadronic transitions between heavy quark-antiquark bound states as well as the static quark-antiquark potential are studied within this framework.
I. INTRODUCTION
Heavy-quark systems, such as the 1/J and T families and those of heavier quarks of possible existence, provide useful laboratories 1 for testing the basic structure of quantum chromodynamics (QCD) . As the quark mass increases, the size of a heavy-quark system gets smaller '. For sufficiently heavy quarks, the system size will eventually become much smaller than some characteristic time scale at which the system interacts with external perturbations. The difference between the system size and the interaction time will then serve as a useful expansion parameter for the description of such an interacting system.
Along this line, a multipole expansion 2 -8 of the gluon field around a heavy-quark system, originally introduced by Gottfried 2 , has extensively been studied and applied to heavy-quark physics 9 such as had . . .
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The purpose of this paper is to develop a systematic classification of gluon interactions according to their ranges and to construct a gauge-invariant multipole expansion scheme for heavy-quark systems. Applications to hadronic transitions between heavy quarkantiquark (QQ) bound states and to the heavy-quark potential are studied.
For the construction of the multipole expansion we start by assUll)ing that heavy QQ mesons are color~Coulombic bound states (for which the QCD coupling constant as"' g 2 /(41T) <1). Special care, however, will be taken to show that the resulting mul tipole expansion scheme possesses a wider range of applicability than restricted by this assumption.
The one-Coulomb-gluon-exchange potential 11 is attractive ( -~ as/r) between a color-singlet QQ pair with separation r while it is repulsive ( + } as/r) between a color-octet QQ pair.
Owing to this energy difference /:;c.
-
2 as/r, a color-octet QQ (scattering) state is unstable and has a lifetime -r -1/!:,c. -r/as > r.
With the emission or absorption of a color gluon, a QQ state under- In this way one is led to the idea of a double-multipole expansion of the gluon field surrounding a QQ system.
In Sec. II, we perform the separation of soft and hard gluons in the QCD Lagrangian. In Sees. III and IV, we construct the multipole expansion scheme for heavy-quark systems. We avoid the problem of gauge invariance 15 by casting the multipole expansion scheme into a gauge-invariant form in the early stage of the con- In Sec. VI, the effect of soft gluons on the static heavy-quark potential is studied perturbatively within the present framework.
Sec. VII is devoted to concluding remarks.
II. SEPARATION OF SOFT .AND HARD GLUONS
In this section we separate soft-and hard-momentum components of the color-octet gluon field ~a(x) interacting with a color-triplet
We adopt the Coulomb gauge ak~;(x) = 0 to quantize this quarkgluon system. The Lagrangian is given by
where Ta = ~ Aa(a = 1, . •. ,8) are the color matrices for the quark.
It is straightforward to include light quarks, which are omitted here for simplicity. The Faddeev-Popov ghost term (FP), whose explicit form is well-known, 16 will be suppressed in what follows.
In the Coulomb gauge, the free-field propagator < T~acxP4?vCY) >free = i6ab~C (x-y) derived from the free-field ~kt(x-y) = < xl (-6 -a a /V )/(3 -10)jy>, yf(x)·~~v(x-y) nv(y)}. (2.4) Let us divide the propagator ~C into soft and hard components )lV relative to a momentum scale A: ~c (x-y) = ~sv(x-y) + ~H (x-y). llti(x-y) = <xj(-6 -a 3 /V )/(3 +A -10)jy>. (2.5) This is the propagator for a vector particle of mass A in the Coulomb gauge so that its range is of the order of the Compton wavelength 1/A .
As verified easily (note Eq. 03 .1) in Appendix B), this "hard"
propagator and the associated "soft" propagator ~~v = ~~v -ll~v are constructed from the Lagrangian
by the standard path-integral method 16 where the fields Aa(x) ~ and B~(x) are treated as independent fields subject to the Coulomb-gauge condition
The generating functional w 0
is represented by the path-integral 
The Feynman rules are derived from the path-integral representation of the generating functional of the form (2. It is straightforward to generalize the content of this section to arbitrary gauges.
III. A MULTIPOLE EX]_)ANSION SCHEME FOR HEAVY-QUARK SYSTEMS
In this and next sections we construct a. mul tipole expansion scheme for a heavy quark-antiquark (QQ) system. 9 The physical picture explained in Sec. I and the :fonnalism devel" oped in Sec. II To find a suitable transformation, let us try to express the soft-gluon field A (x) at position ~ in terms of the field
at some fixed position ti (~hich will later be chosen to be the c.m. position of the QQ system). We consider the gauge trans-
where V(e) = exp(ie~a) , U(e) = exp(ie), oab = i~cbec and bll(e) = (i/g) U(e)(allut(e)). In what follows, unless otherwise stated, all quantities are defined at common time t which will be suppressed.
Taylor-expanding Ab(x) around u in (3.1) gives ll !{ a(x) = uab(e)ew·aAb(i'i) + ba(e) ' ll ll ll (3.2) where 'ti = * -U, W• () = Wk()~U) and (l~u);:: (Jj(JUk. It is not difficult to verify that U(e) fixed in this way contains no derivatives as operators and that V(e) takes an analogous form 18
a/auk (3.4) Then, as shown in detail in Appendix A, the transformed soft-gluon field ~(i) is expressed in terms of field tensors FJJV[AJ defined 
where only terms relevant in what follows are shown. We may regard Having cast the soft-gluon interactions into a gauge-invariant form, let us now study hard-gluon exchanges, as illustrated in hard-JJ gluon exchanges between quark color charges are described by the effective Lagrangian
where J~(x) = ~ (x)Y~Ta~tx) is the color current of the quark.
Here ~~~(x, y; K) is the hard~gluon propagator i- g,JlV(x, y; A)= ~JlV(x, y; A )_o(x 0 -y 0 ).
14 Details of the calculation of !J!iab(x, y; K) are given in JN . Appendix B. Here we simply make a remark and list the result, Remark: Soft gluons tend to be coupled to the hard-gluon cloud distributed close to Q or Q. This is because the hard-gluon
He:
blows up as ~ -+ x. This fact leads to the color-dipole (as well as multipole) nature of the hard-gluon cloud around the QQ system. 
~0
0 (x, y; A) up to 0(~,4). We choose the fixed position u to
be u = I (x + y) and express '\ in teTillS of the soft-gluon field defined at ~ (using Eq. (3,5)). The result is where ab ,
r. 
ifill~~(A')
.
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Similarly, the evaluation of diagrams (g) and (h) gives
2 fl!lab '
, (3, 13) where the first two terms follow from the instantaneous part of the free transverse-gluon propagator expanded in powers of rA.
16
The last term involves time derivatives ' Vo = a 0 -igA 0 0}):
Here we observe that the noninstantaneous terms in Eqs. (3.11) _ (3.1~ contribute to 0(3 1 2) or higher in the present multipole expansion
scheme; in what follows, we shall ignore them so that the Lagrangian (3.9) is regarded as local in time.
The nonrelativistic reduction of the Lagrangian (3.9) is most efficiently done by applying the FW transformation to the Lagrangian (3.7) rather that to (3.9), Up to O(p 3 ), the result is cast in the project the Lagrangian (3.9) or (3.14) onto the two-body QQ subspace.
Namely, we replace the quark sector in the Lagrangian integrated over On the other hand, some care should be taken when the c.m.
coor Inate u = ~xQ + xQ an t e relative coor 1nate r = Xq-xQ are chosen as independent variables. In this case, one has to make the projection onto the QQ. sector before the gauge transformation.
This is because the c,m. momentum Pk = -iajauk and the relative momentum jPk = -i3/<lrk respond to the gauge transformations (3.3) for the quark and the antiquark sectors. As 
A~(x)
before,
Ak(x) is defined by Eq. (3.5) whereas A~u)(x) is given by (3.5) with the Lorentz index 0 replaced by k. As in Eq. The ~ is the effective Hamiltonian which describes hadronic transitions in a heavy-quark family discussed in-theprevious section. The first through third terms in ~ begin with multipoleorder (2, 4) , (3, 4) and (3,6}, respectively. The first term agrees with the result obtained by Peskin. 6 The diagonal component< sj J!t"sjs > may be regarded as 
VI. STATIC QUARK-ANTIQUARK POTENTIAL
In the present rrrultipole expansion scheme the soft-gluon sector (as well as light-quark sectors in case they are included)
is treated as a fully interacting system although the hard-gluon sector is treated perturbatively. The standard weak-coupling expansion is inappropriate 13 for the study of soft gluons. The multipole expansion scheme, on the other hand, has control over soft gluons surrounding a QQ. system; The binding energy of a QQ bound state provides natural suppression of soft-gluon emission.
In this section the multipole expansion scheme is applied to the perturbative study of the effect of soft gluons on the QQ potential.
For this purpose we treat the soft-gluon sector perturbatively in the effective Hamiltonian (5.3). For simplicity we take the static limit M-+ The order-p 2 term in (5.3) leads to the following correction to the Coulomb potential:
Jtdt'e-i(t-t')~s rkr£ <T*Ec(t)Ec(t) > k £ (6.1)
where { s -
has been replaced by the causal propagator
In coordinate space, the Coulomb-gauge soft-gluon propagator 
VII • CONCLUDING RFMARKS
In this paper we have derived a gauge-invariant multipole expansion scheme for heavy quark-antiquark systems and studied some of its applications, A generalization to the case of heavy baryons is straightforward .
The inclusion of hard-gluon-loop corrections, as illustrated in 
APPENDIX A
In this appendix we study how the soft-gluon field Aa(x) ~ is transformed under the gauge transformation (3.1) defined by U(e) (Eq. (3.3) ).
As preliminaries, let us first evaluate
where 
The evaluation of U(8) (a 0 ut (8)) is analogoUs to that of I~u), We denote the rest of (13.2) by r!lv: Ml transitions, respectively. P)? · stands ;for parity change. :r :Y= r + ¥-~c 
